We present an extensive numerical study of the relation between the cosmic peculiar velocity field and the gravitational acceleration field. We show that on mildly non-linear scales (3-10 Mpc Gaussian smoothing), the distribution of the Cartesian coordinates of each of these fields is very well approximated by a Gaussian. In particular, their negentropies and kurtoses are small compared to those of the velocity divergence and density fields. We find that at these scales the relation between the velocity and acceleration fields follows linear theory to high accuracy. The non-linear correction of Kudlicki et al. (2000a,b) works still better: its reconstruction errors are several times smaller than those of the linear theory approximation.
INTRODUCTION
According to the gravitational instability paradigm, structures in the universe formed by the growth of small inhomogeneities present in the early Universe. Gravitational instability gives rise to a coupling between the density and peculiar velocity fields on scales larger than the size of clusters of galaxies, the largest bound objects in the Universe. On very large, linear scales, the relation between the density contrast δ and the peculiar velocity v in co-moving coordinates can be expressed in differential form,
or in integral form,
Here, g is the gravitational field, expressed in units of km·s −1 . The coupling constant, f , carries information about the underlying cosmological model, and is related to the Cosmological Density Parameter and Cosmological Constant by f (Ω, Λ) ≃ Ω 0.6 + Λ 70 1 + Ω 2 (3) (Lahav et al. 1991) . Hence, comparing the observed density and velocity fields of galaxies allows one to constrain Ω, or the degenerate combination β ≡ Ω 0.6 /b in the presence of ⋆ e-mail: kudlicki@camk.edu.pl galaxy biasing (e.g., Strauss & Willick 1995 for a review). This is done by extracting the density field from full-sky redshift surveys (such as the PSCz; Saunders et al. 2000) , and comparing it to the observed velocity field from peculiar velocity surveys. The methods for doing this fall into two broad categories. One can use equation (2) to calculate the predicted velocity field from a redshift survey, and compare the result with the measured peculiar velocity field; this is referred to as a velocity-velocity comparison. Alternatively, one can use the differential form, equation (1), and calculate the divergence of the observed velocity field to compare directly with the density field from a redshift survey; this is called a density-density comparison. Nonlinear extensions of equation (1) have been developed by a number of workers (Chodorowski et al. 1998 , Dekel et al. 1999 and references therein; see also the discussion below). However, very little work has been done to test on what scales the integral relation, equation (2) holds, and how it might be extended into the mildly nonlinear regime; thus the motivation for this paper. Attempts have been made to carry out velocity-velocity comparisons with very large smoothing lengths (e.g., the ITF method of Davis, Nusser, & Willick 1996) , and very small smoothing lengths (the VELMOD method of Willick et al. 1997; Willick & Strauss 1998) . Davis et al. (1991) , and more recently Berlind et al. (2000) discuss the systematic errors caused by mismatch of smoothing scales between the velocity and density fields. In this paper, we concentrate on the velocity-velocity comparison after smoothing on scales of roughly 3 Mpc or larger: any smaller would be strongly affected by strongly nonlinear effects, while larger smoothing would reduce the number of independent volumes over which the comparison could be made. The amplitude of the velocity field smoothed on a given scale R depends on the density field power spectrum, P (k), as
while for the density field the relation is as follows:
(see the discussion in chapter 2 of Strauss & Willick 1995) . The absence of the k 2 term in equation (4) means that the velocity field is more heavily weighted by modes with low values of the wavenumber k, i.e., large scales which are fully in the linear regime. Therefore, we expect the relation between v and g to be closer to linear than that between the density and velocity divergence. Kudlicki et al. (2000b, hence KCPR) have shown that the relation between
(see equation 1) and δ = ∇·g(r) is nonlinear on small scales, and have proposed a semi-empirical formula accurately describing the dependence of θ δ ≡ θ|δ on δ:
Here, the constant ǫ is introduced in order to keep θ = 0 as it must; it is approximately
where σ 2 δ ≡ δ 2 denotes the variance of the density field. Simulations have shown that α = 1.9 is a good fit over a large range of smoothing scales. Solving Equation 6 for v in the case of an irrotational flow gives:
where equation (7) gives an expression for θ δ . † In this paper, we investigate the nonlinearities of the relationship between the velocity and gravity fields, v and g, using a set of grid-based simulations. The simulations are described in §2. In §3, we ask how well the probability distribution functions (PDFs) of the Cartesian components of v and g are fit with a Gaussian. Given that the source fields for the velocity and gravity fields (i.e. the velocity divergence and density contrast respectively) have mildly non-Gaussian distributions, it is not a priori obvious what the distribution of the integral quantities should be.
In section 4 we directly measure the relation between v and g on various scales, and test the extent to which linear theory, or non-linear extensions to it, may hold. This † Willick et al. (1997) tried a simple a second-order approximation for θ δ in their velocity-velocity comparison, but found that the linear formula, equation (2) was superior.
is important in determining whether the existing velocityvelocity comparisons which use linear theory give biased results. We present our conclusions in §5. Three appendices contain derivations of results used in the text.
THE SIMULATIONS
We perform our simulations using the Cosmological Pressureless Parabolic Advection (CPPA) code (see Kudlicki et al. 1996 , Kudlicki et al. 2000b , 2000c . Matter in this code is represented as a non-relativistic pressureless fluid, and its equations of motion are solved on a grid fixed in comoving coordinates.
We chose to use a grid-based code rather than an Nbody code, because it produces a volume-weighted velocity field directly. This is important because equation (9) is a solution to equation (6) only when v is a potential (curlfree) field, and the mass-weighted velocity field exhibits curl even in the linear regime ‡ . Moreover, the a priori unknown galaxy bias does not allow one to treat observational data as purely mass-weighted anyway.
The simulation assumes the linear APM power spectrum (Baugh & Efstathiou 1993 , Baugh & Gaztañaga 1996 as the initial conditions, and evolves them forward until σ 8,lin = 1.0. The boxsize is 200 h −1 Mpc with standard periodic boundary conditions; the grid is 64
3 , yielding a cell size of 3.125 h −1 Mpc. The fields are interpolated between the grid points using a parabolic spline.
To improve our statistics, we have performed six realizations of this cosmological model, each with different random phases of the initial density field.
THE MARGINAL DISTRIBUTIONS OF V AND G
The typical correlation length of the density field is of the order of 5 Mpc, while g is influenced by density fluctuations in a much larger region. For instance, the gravitational acceleration of the Local Group receives considerable contributions from shells up to at least 150 Mpc (see e.g. Rowan-Robinson et al. 2000) . Thus, g, and similarly v, come from integration over an effective domain containing a large number of essentially independent regions. Hence, the Central Limit Theorem suggests that they should have close to Gaussian distributions. We test the Gaussianity hypothesis with our simulations. We plot the measured distribution functions for individual Cartesian components of the peculiar velocity and gravity fields, which we label v and g. On mildly nonlinear scales, the distributions are well-fit by Gaussians. Figures 1  and 2 show the distributions for 5 Mpc Gaussian smoothing. The agreement with a Gaussian distribution is remarkable. ‡ The mass-weighted velocity field is proportional to (1 + δ)v. If its curl is to be zero, with ∇×v = 0, one would require ∇δ×v = 0. There is no a priori reason for this even in the linear regime. The mean value and standard deviation of the cosine of the angle between ∇δ and v measured in our simulations on the 30 Mpc scale are 0.15 and 0.6 respectively; these vectors are very far from being parallel. There are several ways to quantify the closeness of the distribution to a Gaussian. First, let us borrow the concept of negentropy from information theory (e.g. Cover & Thomas 1991, Papoulis 1991) for such a measure. We define the entropy H[f ] of a probability distribution f : Figure 3 . Negentropies of the cosmic fields. Upper panel compares the negentropies of gravity g and density contrast δ; lower -negentropies of velocity v and of its divergence θ.
It can be shown that the entropy is maximal for Gaussian fields. Hence the difference between the entropy of a given field and the entropy of a Gaussian of the same variance, the negentropy J[f ], can be used as a measure of departure from Gaussianity:
The negentropy was calculated by numerically integrating the integral of equation (10), using a binned PDF over the range from −5σ to 5σ. We found that this technique applied to a Gaussian with the same range and binning yielded a negentropy of less than 10 −5 , which assures us that our results are not affected by numerical effects. We plot the results as a function of Gaussian smoothing scale in figure 3 . The negentropy of the density field is compared to the negentropy of the gravity in the upper panel. The values for velocity and its divergence are compared in the lower panel of this figure. We conclude that on mildly non-linear scales the nonGaussianity of v and g is completely negligible compared to the non-Gaussianity of θ and δ respectively.
A more standard way of quantifying departures from Gaussianity is to decompose the PDF with an Edgeworth expansion: a leading Gaussian, plus correction terms with amplitudes proportional to the higher-order connected moments of the field. As there is no preferred direction in space, the skewness of the PDF of the Cartesian coordinates of the velocity and gravity fields must equal zero. Thus the first non-vanishing connected moment of a single component of the velocity field is its kurtosis, Kv = ( v 4 − 3 v 2 2 )/ v 2 2 , and similarly for the gravity field. Hence, the kurtosis measures the leading-order departure from Gaussianity of the field (Catelan & Moscardini 1995, hereafter CM95) . However, one has to be cautious in measuring it from simula- tions, as it is strongly affected by high-value tails, finite box size and other numerical problems.
We plot Kv and Kg as a function of the Gaussian smoothing radius, R, in Figure 4 . We find that both Kv and Kg are close to zero for smoothing between 4 and 20 Mpc. The distribution of the gravity field is slightly leptokurtic (Kg > 0) below 5 Mpc smoothing, but this is still substantially less kurtosis than, say, a one-dimensional tophat distribution, for which K = −6/5. Kv and Kg are also substantially smaller than K θ and K δ , with measured values from the simulations of 0.72 and 4.5, respectively at 4 Mpc smoothing. Note that although Kv and Kg are both small, Kg is systematically larger than Kv. We shall comment on this in the next section of this paper.
In perturbation theory, the velocity field can be expanded as:
where |vn| ∼ O (σ δ /σv) n−1 |v1| n , and σ 2 v ≡ v 2 is the variance of the density field (e.g. Goroff et al. 1986 ). For Gaussian initial conditions to leading order, the kurtosis Kv = 4 v3v δ , where S4,v is weakly dependent on the smoothing scale. Therefore, Kv should depend on R mostly via σ 2 δ . CM95 have calculated the coefficient S4,v using perturbation theory assuming Gaussian initial conditions. Our results do not confirm this scaling, and on the mildly non-linear scales they reveal substantially less kurtosis than those of CM95. § We do not fully understand this discrepancy. On the other hand, the results of N-body simulations of Kofman et al. (1994) are consistent with ours and reveal a low Kv.
We have also investigated the behaviour of the kurtosis of v on very large (linear) scales ( Figure 5 ), and found that the velocity field is systematically platykurtic (Kv < 0). This is because on large scales the velocity field of the simulation is dominated by a small number of Fourier waves, and thus the Central Limit theorem does not force the distribution to § We have performed our calculations also for a power-law initial power spectrum, in which S 4,v ought to be strictly constant, but the results are similar -no scaling and very little kurtosis is observed in the mildly non-linear scales. be Gaussian, even in the initial conditions. As equations (4) and (5) show, this effect for v and g should be stronger than in the case of θ and δ. On the largest scales, approaching the simulation box (or catalog) size, Kv converges to an asymptotic value of −1.5, which is the value expected for a single mode, as shown in Appendix A. This convergence is seen in Figure 5 , which extends Figure 4 to very large scales. This asymptotic behavior affects scales larger than about 30 h −1 Mpc.
THE ONE-COMPONENT V-G RELATION
The relation between δ and θ is non-linear on scales of several Mpc. Nevertheless, since the probability distributions of the Cartesian components of both v and g are nearly Gaussian, we hypothesize that their joint probability distribution is a (two-dimensional) Gaussian as well. In Figure 6 we present the simulated joint PDF for v and g, measured on the 5h −1 Mpc scale. It is indeed very close to a bivariate Gaussian. Figure 6 also shows that v and g are strongly correlated. In App. B we show that in the bivariate Gaussian case, the relationship between v|g and g is linear; we now show that this is the case from the simulations.
In the linear regime v = g and thus each of the Cartesian components of these quantities, which we denote v and g, respectively, are also equal. In practice, the relationship between these two quantities has some finite scatter (Fig. 6) , thus we will characterize the relation between v at constant g, v|g , and the converse, g|v . The relationship between v|g and g should be invariant to coordinate inversions, thus it must be an odd function; similarly for the relationship between g|v and v.
Hence, we shall adopt third-order polynomials Figure 7 . The parameters c 1 and c 3 of the polynomial approximation to the mean one-component v − g relation (Eq. 13).
as the simplest odd non-linear model, and use the parameters c3 and d3 as a measure of the non-linearity of the relation. Since in velocity-velocity comparisons one reconstructs velocities based on the gravity field, the quantity v|g is more relevant, and we shall concentrate on it in this paper. Note however that relation (13) can be used to transform velocities in the first step of density-density comparisons such as POTENT (Dekel et al. 1999 ). Since, as we have already stated, the joint probability distribution of v and g is close to Gaussian, we expect c3 and d3 to be small (i.e., giving a linear relation). The values of c1 and d1 predicted by linear theory are c1 = d1 = 1, but we are dealing here with fields well in the mildly non-linear regime, and this need not hold.
The parameters c1 and c3 are shown in Figure 7 , while Figure 8 shows d1 and d3, as functions of the smoothing scale, R. We have fitted them independently for the three coordinates in each of the six realizations; the errorbars indicate the standard deviation between these 18 results. As expected, c3 and d3 are much smaller than unity. Moreover, c1 ≃ d1 ≃ 1 even on small scales, which implies that the systematic bias in estimating β based on the linear theory approximation (2) is small.
Note that although c3 and d3 are small, on small scales the parameters c1 and d1 are not a simple inversion of one another, due to the scatter in the v − g relation.
The fact that c3 is positive, i.e., that the non-linear effects act the way they do, is in agreement with the result from Section 3, that Kg > Kv. In Appendix C, we use a simplified model of a local, scatterless relation to derive a relationship for d3: We plot this approximation as a dotted line in Fig. 8 ; it fits the data well over the full range of smoothing scales. This is remarkable, because the simulated gravity and velocity fields are no longer Gaussian on the largest scales due to the finite number of modes, as we discussed earlier, and thus the requirements for using perturbation theory based on Gaussian initial conditions are not satisfied.
We plot the mean true velocity as a function of the velocity predicted with the linear model (i.e., the gravity) for a 4 Mpc Gaussian filter as open circles in Figure 9 . Combined data from 6 realizations of our model (3 components each) are binned with respect to predicted velocity and averaged in the bins. All velocities are in kilometers per second (σv = 170 km/s on this scale). Linear theory, v = g, is a good fit for velocities up to at least 2σv. The long-dashed curve in the lower panel shows how accurately the relation can be modeled by the polynomial formula (14).
For comparison, the triangles are the velocities predicted using the fully non-linear formula (inserting equation 7 in 9), using α = 1.9; this gives still a better fit. This is remarkable, because equation (7) was determined for a powerlaw initial power spectrum, but it gives reasonable results for a quite different initial power spectrum. Thus we have demonstrated that the non-linear effects in the v −g relation can be corrected for either at the level of the δ − θ relation (as proposed by KCPR), or by transforming the gravity field according to equation (14). However, the value of α = 1.9 is universal for the former method, while for the latter, one needs to supply a model for the dependence of d1 and d3 on σ.
To quantify the error in estimation of β made by applying the linear approximation (2), we compute a volumeweighted linear fit to the scaled cosmic velocity as function of gravity. On the 4 Mpc scale, its slope is 0.91, which corresponds to a systematic 9% error in β. It is possible that a realistic observational sample, which tends to probe the higher-density regions, will have more data points in the high-velocity regime, and therefore have a somewhat larger systematic error. For comparison, we calculate the same, using velocities predicted by equation (7) instead of gravities, and obtain an error smaller than 3% on the 4 Mpc scale. In principle, we could refine equation (7) further to make the agreement with the simulations essentially perfect, but such a formula would be more complex, and would unlikely hold for a range of smoothing scales and power spectra.
SUMMARY AND CONCLUSIONS
In this paper we have studied the cosmic velocity-gravity relation. First, we have measured the non-Gaussianities of the cosmic velocity and gravity fields by computing their negentropies and kurtoses. We have shown that, on scales larger than 4 Mpc, the non-Gaussianities of the cosmic velocity and gravity fields are small compared to the non-Gaussianities of velocity divergence and gravity. Guided by this result, we have shown that the relation between v and g is nearly linear. Moreover, its proportionality coefficient is close to that predicted by linear theory. Specifically, we have shown that the systematic errors in velocity-velocity comparisons due to assuming the linear model do not exceed 10% in β. Reconstruction of the velocity using the non-linear formula of KCPR gives still better results (3% accuracy, with deviations of well under 100 km/s at 4 Mpc Gaussian smoothing even at the highest peculiar velocities).
The smoothing of observed peculiar velocity data, with its sparse and noisy coverage of the velocity, is technically difficult. Thus velocity-velocity analyses like VELMOD compare unsmoothed peculiar velocities with minimally smoothed predicted velocity fields from redshift surveys. The finite resolution of the CPPA code does not allow us to test this effect; it would be worthwhile to repeat the calculations with a high resolution N -body code, or with CPPA enhanced with Adaptive Mesh Refinement. The former has been done by Berlind et al. (2000) , but they did not separate the effects of non-linear evolution from the effects of different smoothing of the velocity and gravity fields. Also, a more thorough analysis of the full 2-D distribution in the v − g plane is worth doing. An alternative method of estimating β from cosmic velocities is by comparing the velocity and gravity dipoles of the Local Group. The vectors are estimated very precisely, but as we know their relation is non-local, while one has to deal with one object only. That is why, unlike in velocity-velocity comparisons, the uncertainity of estimation of β cannot be reduced by simply increasing the sample. However, it can be estimated knowing the joint probability distribution for v and g, which contains complete information of the relation and its scatter. The bivariate distribution itself is investigated by Ciecielag et al. (2000) .
